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ABSTRACT
This is the first of two papers investigating the deprojection and spherical averaging
of ellipsoidal galaxy clusters. We specifically consider applications to hydrostatic X-
ray and Sunyaev-Zel’dovich (SZ) studies, though many of the results also apply to
isotropic dispersion-supported stellar dynamical systems. Here we present analytical
formulas for galaxy clusters described by a gravitational potential that is a triaxial
ellipsoid of constant shape and orientation. For this model type we show that the
mass bias due to spherically averaging X-ray observations is independent of the tem-
perature profile, and for the special case of a scale-free logarithmic potential, there is
exactly zero mass bias for any shape, orientation, and temperature profile. The ratio
of spherically averaged intracluster medium (ICM) pressures obtained from SZ and
X-ray measurements depends only on the ICM intrinsic shape, projection orientation,
and H0, which provides another illustration of how cluster geometry can be recovered
through a combination of X-ray and SZ measurements. We also demonstrate that YSZ
and YX have different biases owing to spherical averaging, which leads to an offset
in the spherically averaged YSZ − YX relation. A potentially useful application of the
analytical formulas presented is to assess the error range of an observable (e.g., mass,
YSZ) accounting for deviations from assumed spherical symmetry, without having to
perform the ellipsoidal deprojection explicitly. Finally, for dedicated ellipsoidal stud-
ies, we also generalize the spherical onion peeling method to the triaxial case for a
given shape and orientation.
Key words: X-rays: galaxies: clusters — X-rays: galaxies — dark matter — cosmo-
logical parameters — cosmology:observations
1 INTRODUCTION
Although it is well-known that galaxy clusters are not spherical, spherically averaged measurements of cluster properties are
standard practice owing to their comparative simplicity and the expectation that non-spherical effects do not dominate the
error budget. However, as cosmological measurements with clusters become ever more precise (e.g., Vikhlinin et al. 2009;
Allen et al. 2011; Pierre et al. 2011), the need for precise control of systematic errors also increases. Deviations from spherical
symmetry, such as intrinsic flattening and substructure, will necessarily introduce scatter, and possibly biases, into spherically
averaged global scaling relations used in cosmological studies (e.g., Evrard et al. 1996; White et al. 2002; Kravtsov et al.
2006; Shaw et al. 2008; Krause et al. 2011); e.g., the scaling between total mass and average intracluster medium (ICM)
temperature, quantities that are usually computed interior to a spherical volume specified by a standard fraction of the virial
radius.
Unfortunately, owing to their increased complexity and computational expense, non-spherical models are rarely accounted
for in detail, if at all, in the error budgets of cluster measurements. The modeling of a cluster possessing substructure
requires sophisticated three-dimensional N-body simulations, while even to compute the gravitational potential of simple
ellipsoidal mass distributions involves solving complicated integrals (e.g., Chandrasekhar 1987; Binney & Tremaine 2008)
⋆ E-mail: buote@uci.edu
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unless approximate fitting formulas appropriate for nearly spherical systems are employed (Lee & Suto 2004). The pioneering
studies by Piffaretti et al. (2003) and Gavazzi (2005) dedicated to the problem of assessing errors arising from the assumption
of spherical symmetry employed ellipsoidal models with some simplifying assumptions to reduce the total computational
expense; e.g., Gavazzi (2005) studied the face-on projections of spheroidal NFW (Navarro et al. 1997) mass distributions with
isothermal ICM. These authors found that quantities obtained from spherical X-ray studies vary typically by <∼ 5% as a result
of different intrinsic shapes and viewing orientations for a cluster. While not a large effect in absolute terms, errors of a few
percent may be important for precision cosmological studies and deserve further elucidation.
The non-spherical shapes of clusters need not be considered merely a nuisance as a source of systematic error, since
they are interesting to study in their own right. With the aid of large, cosmological N-body simulations significant theoretical
progress has been made in the understanding of the intrinsic shapes of ΛCDM cluster dark matter halos (e.g., Jing et al. 1995;
Mohr et al. 1995; Splinter et al. 1997; Thomas et al. 1998; Jing & Suto 2002; Bullock 2002; Suwa et al. 2003; Springel et al.
2004; Hopkins et al. 2005; Kasun & Evrard 2005; Lee et al. 2005; Allgood et al. 2006; Lee 2006; Paz et al. 2006; Ho et al.
2006; Shaw et al. 2006; Bett et al. 2007; Gottlo¨ber & Yepes 2007; Maccio` et al. 2008; Mun˜oz-Cuartas et al. 2011; Rossi et al.
2011). The axial ratios of dark matter halos in ΛCDM are found to be sensitive to the value of σ8, the normalization of the
power spectrum of density fluctuations, and are weakly sensitive to the cosmological matter density parameter, Ωm. Dark
matter halos in ΛCDM become flatter with increasing mass, and cluster-mass halos tend to be prolate/triaxial. Furthermore,
halos will be more spherical if the dark matter particle is self-interacting, which provides an additional constraint on particle
dark matter models, especially on the galaxy scale (e.g., Feng et al. 2009, 2010).
For a few clusters X-ray observations have measured flattened dark matter halos by adopting hydrostatic models
of the ICM (Fabricant et al. 1984; Buote & Canizares 1992, 1996b), and there is recent evidence for triaxiality in the
dark matter when X-ray data are combined with constraints from strong gravitational lensing (Morandi et al. 2010, 2011;
Morandi & Limousin 2011). Isothermal hydrostatic models of the ICM applied to the dark matter halos formed in cosmologi-
cal simulations predict distributions of average X-ray isophotal axial ratios consistent with cluster observations (Wang & Fan
2004; Flores et al. 2007; Kawahara 2010). When baryons are included in N-body, hydrodynamical simulations of cosmic struc-
ture, it is found that baryon condensation leads to rounder dark matter halos (e.g., Dubinski 1994; Kazantzidis et al. 2004;
Debattista et al. 2008). However, the treatment of baryon evolution in cosmological simulations remains a problem for cluster
cores. For example, baryon cooling in some cosmological simulations can lead to highly flattened ICM cluster cores that
disagree with X-ray observations of relaxed clusters (Fang et al. 2009), whereas the global ICM shapes of the model clusters
agree with X-ray observations and also with the shapes of the total gravitational potentials of the models as expected for
hydrostatic equilibrium (Buote & Tsai 1995; Fang et al. 2009; Lau et al. 2011). ICM shapes have also been measured via the
thermal Sunyaev-Zel’dovich (SZ) effect (De Filippis et al. 2005; Sayers et al. 2011) which provides another promising avenue
for probing intrinsic cluster shapes.
The non-spherical results cited above represent only a small minority of X-ray and SZ cluster studies. To a large extent
spherical models dominate because they are easier to implement and are substantially more computationally efficient than are
models which involve a gravitational potential generated by an ellipsoidal mass distribution. Here we investigate a different
type of model where the potential, rather than the underlying mass distribution, is an ellipsoid of constant shape and
orientation. These ellipsoidal models lend themselves to straightforward generalizations of simple, analytic spherical models,
and are therefore just as computationally efficient. Moreover, we show that many cluster quantities derived assuming spherical
symmetry can be easily interpreted in terms of these ellipsoidal models for a given shape and orientation.
The paper is organized as follows. In §2 we define the ellipsoidal models. We show in §3 that the relationship between
the mass profile and potential for these models closely resembles the spherical case, as does that between the mass profile and
the ICM density and temperature for the case of hydrostatic equilibrium. In §4 we provide several analytic expressions for
quantities associated with these ellipsoidal models, in particular relating their deprojected spherical averages to their intrinsic
ellipsoidal profiles. For practical use of these models with binned data, in §5 we generalize the traditional spherical onion
peeling deprojection method appropriate for a series of concentric, triaxial ellipsoidal shells. Our conclusions are presented in
§6. In Paper 2 (Buote & Humphrey 2011b) we perform a detailed investigation of biases and scatter in the measurements of
global quantities resulting from the spherical averaging of ellipsoidal galaxy clusters. Finally, we mention that the formulas
we present here (and the results in Paper 2) apply not just for massive clusters but also for groups and massive elliptical
galaxies with hot gaseous halos.
2 ELLIPSOIDAL POTENTIALS
Consider an ellipsoid with principal axes a, b, c and axis ratios, pv ≡ b/a and qv ≡ c/a, satisfying 0 < qv ≤ pv ≤ 1. When the
ellipsoid is aligned so that a lies along the x-axis, b along the y-axis, and c along the z-axis, then the ellipsoidal radius av is
given by,
c© 0000 RAS, MNRAS 000, 000–000
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a2v = x
2 +
y2
p2v
+
z2
q2v
. (1)
We define an ellipsoidal gravitational potential (EP) to be an ellipsoid of constant shape (pv, qv) and orientation so that Φ
depends only on av; i.e., Φ = Φ(av). Since Φ has a constant shape, EPs best approximate those clusters having nearly constant
ICM shapes. While it is well-known that individual clusters, both those observed and formed in cosmological simulations, can
sometimes exhibit large radial shape variations, we note that the average X-ray ellipticity profile for a low-redshift cluster
sample varies only weakly with radius (see Fig. 8 of Fang et al. 2009). In contrast, the shapes of the isodensity surfaces of
the underlying mass distribution of an EP generally vary with radius. This can be a desirable feature since dark matter halos
formed in cosmological simulations typically have radially varying shapes (e.g., Jing & Suto 2002; Kazantzidis et al. 2004;
Bailin & Steinmetz 2005; Allgood et al. 2006; Vera-Ciro et al. 2011).
Probably the key advantage of an EP is that a simple, analytic form for Φ can be adopted based on a straightforward
generalization of a spherical potential, enabling much faster computational evaluation than for ellipsoidal mass distributions;
e.g., see Paper 2 for EP generalizations of the NFW and isothermal β models. A disadvantage of an EP is that when the
potential is sufficiently flattened (the amount depending on how steep is the radial potential profile), the mass density can
become negative in some region (e.g., Binney 1981; Blandford & Kochanek 1987; Schneider et al. 1992; Kassiola & Kovner
1993; Evans 1994; Binney & Tremaine 2008). Requiring a non-negative phase-space distribution function (DF) will further
restrict the flattening of the matter distribution that generates the potential if the DF depends only on the energy and one-
component of the angular momentum (Evans 1993, 1994), although it is unclear that the same restrictions would apply to a
general three-integral DF. Moreover, we show below (§3.1) that the mass enclosed within av has a form analogous to the mass
enclosed within the spherical radius r. It is therefore as well-behaved as the mass profile of a spherical model, indicating that
EPs should be suitable for many applications. Indeed, in our previous X-ray studies of elliptical galaxies (Buote & Canizares
1996a; Buote et al. 2002) and a simulated cluster (Buote & Tsai 1995) we found very good agreement between the gravi-
tating mass profiles inferred using EPs with those obtained using the far more computationally expensive ellipsoidal mass
distributions.
3 MASS DISTRIBUTION
3.1 General Case
As noted previously, unlike Φ itself, the mass density ρ(x, y, z) of an EP is not an ellipsoid, and its typically complicated form
must be inferred from direct solution of Poisson’s Equation. However, M(< av), the mass enclosed within av, is far simpler
to compute given Φ, as we now show.
Gauss’s Law for the mass enclosed within a surface S is,
Menc =
1
4πG
∮
S
∇Φ · nˆdS. (2)
Now assuming Φ = Φ(av) for an EP and taking S to be the ellipsoidal surface defined by av, the gradient and vector surface
element take the form,
∇Φ(av) =
(
xiˆ+
y
p2v
jˆ +
z
q2v
kˆ
)
1
av
dΦ
dav
, and nˆdS =
(
xqv iˆ√
a2v − x2 − y2/p2v
+
yqv jˆ
p2v
√
a2v − x2 − y2/p2v
+ kˆ
)
dxdy. (3)
Substituting these expressions into eqn. (2) and rearranging into two separate surface integrals yields,
M(< av) =
1
4πG
qv
av
dΦ
dav
∫ ∫
x2
(
1− 1/q2v
)
+ a2v/q
2
v√
a2v − x2 − y2/p2v
dxdy +
1
4πG
qv
av
dΦ
dav
∫ ∫
y2
p2v
(
1
p2v
− 1
q2v
)
1√
a2v − x2 − y2/p2v
dxdy. (4)
Because of the ellipsoidal symmetry we may evaluate the integrals in any quadrant of the x− y plane. Multiplying the result
obtained from one quadrant by four gives the total surface integral in the positive z-direction, and multiplying by eight gives
the result for the total ellipsoidal surface. By effecting a change of variable, y = upv
√
a2v − x2, the first term on the R.H.S. in
eqn. (4) simplifies to,
2
πG
pvqv
av
dΦ
dav
∫ av
0
dx
[
x2
(
1− 1
q2v
)
+
a2v
q2v
]∫ 1
0
du√
1− u2 =
a2v
G
dΦ
dav
pvqv
3
(
1 +
2
q2v
)
. (5)
Here the u-integral evaluates to π/2 so that the x-integral is elementary. Similarly, making the same change of variable in the
second term on the R.H.S. in eqn. (4) yields,
2
πG
pvqv
av
dΦ
dav
(
1
p2v
− 1
q2v
)∫ av
0
(
a2v − x2
)
dx
∫ 1
0
u2du√
1− u2 =
a2v
G
dΦ
dav
pvqv
3
(
1
p2v
− 1
q2v
)
, (6)
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where this time the u-integral evaluates to π/4, again leading to an elementary x-integral. Substituting the results from
equations (5) and (6) back into eqn. (4) gives the result for the enclosed mass, which we state as a theorem:
Theorem 1. For an EP the mass enclosed within the ellipsoid of radius av is,
M(< av) = η(pv, qv)
a2v
G
dΦ
dav
, (7)
where we define the EP shape factor,
η(pv, qv) ≡ pvqv
3
[
1 +
1
p2v
+
1
q2v
]
, (8)
which is of order unity.
Hence, the relation between M(< av) and Φ(av) is nearly identical in form to the spherical case, M(< r) = (r
2/G)dΦ/dr, to
which it reduces for pv = qv = 1. Here it is worth emphasizing that the axis ratios pv and qv define the shape of Φ and the
bounding surface for the calculation of M(< av), but generally the axis ratios of the corresponding mass density distribution
are smaller (e.g., see Fig. 1 of Paper 2).
The spherically averaged mass distribution of an EP does not possess such a simple relationship to the potential. Nev-
ertheless, it can be computed without resorting to the evaluation of the volume integral of the generally complicated density
distribution.
Theorem 2. For an EP the mass enclosed within the sphere of radius r is,
M(< r) =
r
4πG
∫
4π
av
dΦ(av)
dav
dΩ =
r
4πη(pv, qv)
∫
4π
M(< av)
av
dΩ, (9)
where dΩ = sin θdθdφ is the solid angle and the integration proceeds over the entire spherical surface.
Proof. Again using Gauss’s Law (eqn. 2), but this time for a spherical surface, gives,
nˆdS = rˆr2dΩ =
(
xiˆ+ yjˆ + zkˆ
)
rdΩ, (10)
for the vector surface element. Taking the dot product with ∇Φ(av) (eqn. 3) and integrating over the sphere gives the stated
result, where the R.H.S. made use of Theorem 1.
3.2 Hydrostatic Equilibrium
Since a primary goal of our study is to investigate the effect of spherical averaging on the inferred mass distribution from
X-ray observations, we need to consider the case where the hot intracluster medium (ICM), or “hot gas”, is in hydrostatic
equilibrium. We assume the self-gravity of the gas can be neglected (Φgas ≪ Φ)) which is generally a very good approximation
interior to r500 where the cluster gas fraction is ∼ 10% (e.g., Pratt et al. 2010). In this case, the equation of hydrostatic
equilibrium,
∇Pgas = −ρgas∇Φ, (11)
where Pgas is the thermal pressure and ρgas is the density of the ICM, requires that surfaces of constant potential are the
same as surfaces of constant ICM pressure, density, temperature, and, so long as the metal abundances do not vary over
these surfaces, it follows that the surfaces of constant X-ray emissivity also follow the potential (“X-ray Shape Theorem,”
Buote & Canizares 1994, 1996a; Buote & Humphrey 2011a). For the special case of an EP model it follows that all ICM
quantities depend only on av; e.g., Pgas = Pgas(av), ρgas = ρgas(av), and T = T (av), so that the hydrostatic equation becomes,
dPgas(av)
dav
= −ρgas(av)dΦ(av)
dav
, (12)
where we have used the definition of the gradient in eqn. (3). Using Theorem 1 and substituting the ideal gas equation of
state for the pressure, Pgas = ρgaskBT/(µma), where kB is Boltzmann’s constant, ma is the atomic mass unit, and µ is the
mean atomic weight of the gas, we obtain the following result.
Theorem 3. For an EP in hydrostatic equilibrium the mass enclosed within an ellipsoid of radius av is,
M(< av) = −η(pv, qv)
[
avkBT
µmaG
] [
d ln ρgas
d ln av
+
d lnT
d ln av
]
, (13)
where η is given by eqn. (8).
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This result is a simple generalization of the spherical case where r is replaced by av and the mass is multiplied by the shape
factor η(pv, qv). Similarly, solutions of eqn. (12) for ρgas, T , and the entropy are also easily constructed from their spherical
counterparts by making the transformation r → av andM(< r)→M(< av)/η (e.g., see equations 10-12 of Buote & Humphrey
2011a).
4 DEPROJECTION RELATIONS FOR SPHERICALLY AVERAGED QUANTITIES
Here we derive analytical expressions for the spherically averaged deprojection of intrinsically ellipsoidal quantities, with a
particular application to the EPs. We begin by summarizing the general results for the projection of a triaxial ellipsoid.
4.1 Preliminaries
We define the orientation of the ellipsoidal system following Binney (1985). In the reference (x, y, z) coordinate system the
principal axes of the ellipsoid are aligned with the coordinate directions as described in the definition of av (eqn. 1). Define
a new rotated coordinate system (x′, y′, z′) where the z′ axis lies along the line-of-sight to the observer from the center of
the ellipsoid and the x′ axis is located in the (x, y) plane. The two systems are related by starting with their axes aligned,
rotating the reference system first by an angle φ about the z′ axis and then by an angle θ about the x′ axis. (For the rotation
matrix, see Binney 1985.)
For any quantity that depends only on the ellipsoidal radius av, Contopoulos (1956) and Stark (1977) showed that the
projection of this ellipsoidal quantity yields a (two-dimensional) elliptical distribution of constant shape and orientation that
depends only on the elliptical coordinate as on the sky; i.e., the projection of the ellipsoidal volume emissivity ǫ(av) (i.e.,
luminosity per volume) yields an elliptical surface brightness Σ(as),
Σ(as) =
2√
f
∫
∞
as
ǫ(av)avdav√
a2v − a2s
, (14)
where,
f = sin2 θ
(
cos2 φ+
sin2 φ
p2v
)
+
cos2 θ
q2v
, (15)
using the angle definitions described above, and where pv and qv define av. The elliptical coordinate variable as = γsqsα is
proportional to the elliptical radius α (i.e., semi-major axis on the sky), which is of more immediate interest to the observer,
α2 = X2 +
Y 2
q2s
, (16)
where qs is the axial ratio of Σ, andX and Y are sky coordinates aligned with the isophotal major and minor axes respectively
1.
The proportionality factors are given by,
γ2s =
1
2f
[
(A + C) +
√
(A− C)2 + B2
]
, (17)
q2s =
(A +C) −
√
(A− C)2 + B2
(A + C) +
√
(A− C)2 + B2
=
(√
fγ2spvqv
)
−2
, (18)
which were derived by Stark (1977), though also see Binggeli (1980) and Binney (1985), where
A =
cos2 θ
q2v
(
sin2 φ+
cos2 φ
p2v
)
+
sin2 θ
p2v
, (19)
B = cos θ sin 2φ
(
1− 1
p2v
)
1
q2v
, (20)
C =
(
sin2 φ
p2v
+ cos2 φ
)
1
q2v
. (21)
1 To convert our notation to that used by Stark (1977) for the projected quantities, let γs → α, qs → β, α→ q, and X ⇔ Y .
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4.2 General Case
Definition 1. For an elliptical distribution Σ(α), where α is the elliptical radius with axial ratio qs, we define the “effective
circular average” 〈Σ(R)〉 by associating the circular radius with the geometric mean radius: 〈Σ(R)〉 = Σ(α), where R = α√qs.
The use of such an effective circular average is required for obtaining the analytical relations we describe below. We note
that for typical models (i.e., those considered in Paper 2) the effective circular average usually very closely approximates a
formal azimuthal integration of Σ(α) at fixed R. Only for very flattened models that fall steeply with radius do we find notable
differences. We emphasize, however, that for our purposes it is only necessary that the observer employs the effective circular
average in their analysis (as is a very common practice).
Definition 2. For any quantity intrinsically distributed as an ellipsoid stratified on surfaces of constant ellipsoidal radius
av, let 〈· · ·〉d represent the deprojected, spherically averaged version of that quantity defined in the following manner. For
illustration consider the specific case of ǫ(av) and its projection Σ(as) as defined previously. The spherical averaging considered
here begins by first taking the effective circular average of Σ(as) (i.e., Definition 1 and using the fact that as ∝ α) to give the
radial profile, 〈Σ(R)〉, where R is the radius on the sky. Then 〈Σ(R)〉 is deprojected by assuming spherical symmetry, which
yields the spherically averaged volume emissivity denoted by, 〈ǫ(r)〉d.
Definition 3. For any quantity that is composed of one or more deprojected spherically averaged quantities as defined in
Definition 2, but itself does not satisfy Definition 2, we shall also refer to this composite quantity as a “deprojected spherical
average” but add a plus sign in the notation to distinguish it from Definition 2; i.e., 〈· · ·〉d+.
Theorem 4. For any ellipsoidal distribution that depends only on the ellipsoidal radius av, the deprojected spherical average
(Definition 2) of this distribution is,
〈ǫ(r)〉d =
(
γsq
1
2
s f
−
1
2
)
ǫ(av), where av = (γs
√
qs)r. (22)
Proof. We start with ǫ(av) and use eqn. (14) to compute Σ(as). From Definition 1 the effective circular average of Σ(as) is
obtained by associating the circular radius R with the geometric mean radius of the ellipse of semi-major axis α, R = α
√
qs.
Since the ellipsoidal coordinate as is a function of the elliptical radius, as(α) = γsqsα, it follows that,
〈Σ(R)〉 = Σ(as(α)) = Σ(as( R√
qs
)) = Σ(γs
√
qsR), (23)
which relates the circular distribution on the L.H.S. to the elliptical distribution on the R.H.S. Since 〈Σ(R)〉 is circularly
symmetric, it may be spherically deprojected using the inverse Abel integral relation,
〈ǫ(r)〉d = − 1
π
∫
∞
r
d〈Σ(R)〉
dR
dR√
R2 − r2 . (24)
Changing the integration variable from R to as yields,
〈ǫ(r)〉d = −γs
√
qs
π
∫
∞
av
dΣ(as)
das
das√
a2s − a2v
, (25)
where av = (γs
√
qs)r. Since eqn. (14) is an Abel integral, its inverse is readily obtained (e.g., eqn. 13 of Stark 1977),
ǫ(av) = −
√
f
π
∫
∞
av
dΣ(as)
das
das√
a2s − a2v
. (26)
Comparing equations (25) and (26) gives the desired result.
4.3 X-Ray Emission and Hydrostatic Equilibrium
Here we consider cluster properties associated with the ICM X-ray emission. We assume that all volume ICM properties depend
only on ellipsoidal radius av, which applies exactly for hydrostatic equilibrium in an EP (see §3.2). However, hydrostatic
equilibrium is strictly required below only for Theorems 7 and 9 and Corollary 2.
Theorem 5. The deprojected spherical average of the emission-weighted temperature is,
〈T (r)〉d+ = T (av), where av = (γs√qs)r. (27)
Proof. Let ǫ be the X-ray emissivity and T the gas temperature. The emission-weighted temperature is defined as the volume
integral of ǫT divided by the volume integral of ǫ. Hence, at any radius,
〈T (r)〉d+ = 〈(ǫT )(r)〉
d
〈ǫ(r)〉d =
(
γsq
1
2
s f
−
1
2
)
ǫ(av)T (av)(
γsq
1
2
s f
−
1
2
)
ǫ(av)
= T (av), (28)
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where av = (γs
√
qs)r, and we made use of Theorem 4 in both the numerator and denominator. Note that the deprojected
spherical averages in the numerator and denominator each correspond to Definition 2, while the composite result 〈T (r)〉d+
corresponds to Definition 3. Similar usages apply below.
Theorem 6. The deprojected spherical average of the gas density is,
〈ρgas(r)〉d+ =
(
γ
1
2
s q
1
4
s f
−
1
4
)
ρgas(av), where av = (γs
√
qs)r. (29)
Proof. From the definition of the X-ray emissivity,
〈ρgas(r)〉d+ =
[
〈ǫ(r)〉d
Λ(〈T (r)〉d+)
] 1
2
, (30)
where we have suppressed the metallicity dependence of the plasma emissivity Λ, which does not affect our arguments provided
that the metallicity depends only on av as we are assuming for all ICM properties. Applying Theorem 4 in the numerator
and Theorem 5 in the denominator of the above equation yields,
〈ρgas(r)〉d+ =


(
γsq
1
2
s f
−
1
2
)
ǫ(av)
Λ(T (av))


1
2
=


(
γsq
1
2
s f
−
1
2
)
ρ2gas(av)Λ(T (av))
Λ(T (av))


1
2
, (31)
where av = (γs
√
qs)r, which reduces to the desired result.
Corollary 1. The deprojected spherical averages of the gas pressure and entropy are,
〈Pgas(r)〉d+ =
(
γ
1
2
s q
1
4
s f
−
1
4
)
Pgas(av), 〈S(r)〉d+ =
(
γ
−
1
3
s q
−
1
6
s f
1
6
)
S(av), where av = (γs
√
qs)r. (32)
Proof. These results are immediate consequences of the definitions of each quantity, Pgas = ρgaskBT/(µma) and S =
(kB/µma)Tρ
−2/3
gas , Theorem 5, and Theorem 6.
Theorem 7. The deprojected spherical average of the total mass enclosed within radius r is,
〈M(< r)〉d+ =
(
γsq
1
2
s η(pv, qv)
)
−1
M(< av), where av = (γs
√
qs)r, (33)
for any temperature profile.
Proof. Applying hydrostatic equilibrium for a spherically symmetric cluster gives,
〈M(< r)〉d+ = −1〈ρgas(r)〉d+
r2
G
d
dr
〈Pgas(r)〉d+ = −1
ρgas(av)
r2
G
d
dr
Pgas(av), (34)
where av = (γs
√
qs)r, and the R.H.S. made use of Corollary 1, Theorem 6, and the fact that γs, qs, and f depend only on pv, qv ,
and the fixed line-of-sight projection orientation. Changing the variable from r to av = (γs
√
qs)r so that d/dr = (γs
√
qs)d/dav,
after simplifying, gives,
〈M(< r)〉d+ = 1
γs
√
qs
[
−1
ρgas(av)
a2v
G
d
dav
Pgas(av)
]
. (35)
By making use of eqn. (12) and Theorem 1 the quantity in brackets equals M(< av)/η(pv, qv), which proves the theorem, for
any temperature profile T (av).
We have chosen to state explicitly that this result for the total mass holds for any temperature profile since we desire to
emphasize this point below in Theorem 9. Next, however, we consider the gas mass.
Theorem 8. The deprojected spherical average of the gas mass enclosed within radius r is,
〈Mgas(< r)〉d+ =
(
γ
5
2
s q
5
4
s f
1
4 pvqv
)
−1
Mgas(< av), where av = (γs
√
qs)r. (36)
Proof. The gas mass within a spherical volume of radius r is,
〈Mgas(< r)〉d+ =
∫ r
0
〈ρgas(r)〉d+4πr2dr =
(
γ
1
2
s q
1
4
s f
−
1
4
)∫ r
0
ρgas(av)4πr
2dr, (37)
where av = (γs
√
qs)r, and in the R.H.S. we applied Theorem 6 and again (as in Theorem 7) made use of the fact that γs, qs,
and f do not depend on r. Changing the integration variable from r to av = (γs
√
qs)r, and simplifying, gives,
〈Mgas(< r)〉d+ =
(
γ
5
2
s q
5
4
s f
1
4
)
−1
∫ av
0
ρgas(av)4πa
2
vdav. (38)
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Since an ellipsoidal volume element is dV = 4πpvqva
2
vdav, the integral equals Mgas(< av)/(pvqv), which proves the theorem.
Corollary 2. The deprojected spherical average of the gas mass fraction enclosed within radius r is,
〈fgas(< r)〉d+ =
(
γ
3
2
s q
3
4
s f
1
4 pvqv/η(pv, qv)
)
−1
fgas(< av), where av = (γs
√
qs)r. (39)
Proof. This result follows immediately from the definition of the gas fraction, fgas(< r) = Mgas(< r)/M(< r), Theorem 7,
and Theorem 8.
Theorem 9. For the scale-free logarithmic EP, Φ(av) = (GM∆/a∆) ln(av), spherical averaging does not bias the mass profile
in the sense that,
〈M(< r)〉d+ = 〈M(< r)〉true, (40)
where 〈M(< r)〉true is the spherical average of true mass distribution corresponding to Φ(av). This result is independent of
the gas temperature profile.
Proof. This is a special case of the general problem that is the focus of Paper 2; i.e., we wish to compare spherically averaged
quantities obtained by an observer to those obtained by theoretical studies. While an observer will measure deprojected
spherically averaged quantities (Definitions 2 and 3), the theorist typically spherically averages the true three-dimensional
distribution directly. From Theorem 2, we obtain the spherical average of the mass distribution generated by the scale-free
logarithmic EP, Φ(av) = (GM∆/a∆) ln(av), where M∆ and a∆ are constants,
〈M(< r)〉true = r
4πG
∫
4π
av
dΦ(av)
dav
dΩ =M∆
r
a∆
. (41)
For comparison, the deprojected spherical average of the mass profile (Theorem 7) depends on the mass enclosed within
ellipsoidal radius av, which is obtained by inserting the definition of the scale-free Φ(av) into eqn. (7) of Theorem 1,
M(< av) = η(pv, qv)M∆
av
a∆
=
(
γsq
1
2
s η(pv, qv)
)
M∆
r
a∆
, (42)
where the R.H.S. made use of the substitution av = (γs
√
qs)r as appropriate for Theorem 7. Now substituting M(< av) into
Theorem 7 gives, 〈M(< r)〉d+ = M∆r/a∆ = 〈M(< r)〉true, independent of the gas temperature profile, which proves the
theorem.
This theorem complements and extends the result presented in Appendix B of Churazov et al. (2008). These authors
consider the bias due to spherical averaging of an isothermal ICM with a scale-free gas density, ρgas = h(θ, φ)r
−α, where
h(θ, φ) is some positive function. They argue that this gas density distribution leads to an inferred total mass that also
displays no bias due to spherical averaging. Because their model implies a potential, Φ ∝ ln[h(θ, φ)r−α], equivalent to the
scale-free potential we employed above in Theorem 9 for α = 1 and h = 1/
√
f , it is reassuring that the two results each
predict no bias for the special case of an isothermal ICM. The assumption of the scale-free EP with no a priori restriction on
the form of the gas density has allowed us to generalize rigorously the zero-bias result for any ICM temperature profile.
4.4 Sunyaev-Zel’dovich Effect and Related X-ray Quantities
Now we consider a galaxy cluster also to be observed via the thermal SZ effect, and we continue to assume that all three-
dimensional ICM properties depend only on the ellipsoidal radius av.
Corollary 3. The deprojected spherical average of the ICM electron pressure, Pe = nekBT , obtained from a measurement
of the thermal SZ effect is,
〈Pe(r)〉dSZ =
(
γsq
1
2
s f
−
1
2
)
Pe(av), where av = (γs
√
qs)r. (43)
Proof. The thermal SZ effect is the temperature decrement, δT/T = −2yc in the Rayleigh-Jeans tail of the Cosmic Background
Radiation (CBR) spectrum due to inverse Compton scattering of CBR photons by energetic ICM electrons. The Compton-y
parameter is,
yc =
σT
mec2
∫
los
Pedz
′ =
σT
mec2
2√
f
∫
∞
as
Pe(av)avdav√
a2v − a2s
, (44)
where σT is the Thomson cross section, me is the electron mass, and the R.H.S. follows from the condition that Pe = Pe(av)
(i.e., eqn. 14). By associating yc(as) with Σ(as) and σTPe(av)/(mcc
2) with ǫ(av) the result follows immediately from Theorem
4.
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The geometrical factor γsq
1
2
s f
−
1
2 in eqn. (43) is the square of the corresponding factor for the ICM pressure obtained
from X-ray studies (Corollary 1), indicating that spherical averaging has a stronger impact on the ICM pressure inferred from
SZ studies. Since this difference in geometrical factors can be exploited to measure the intrinsic shape and orientation of a
cluster, we state it formally.
Corollary 4. The ratio of the deprojected spherical averages of the ICM electron pressures inferred from SZ and X-ray
studies is,
〈PSZ,X(r)〉d+ ≡ 〈Pe(r)〉
d
SZ
〈Pe(r)〉d+X
= γ
1
2
s q
1
4
s f
−
1
4 . (45)
Proof. This result follows immediately from Corollaries 1 and 3, where we have used the ICM electron pressure from X-rays,
〈Pe(r)〉d+X = ((2 + µ)/5)〈Pgas(r)〉d+.
We remark that 〈PSZ,X(r)〉d+ is, in fact, constant with radius and does not overtly display any dependence on the distance
to the cluster, and hence the Hubble Constant, H0. However, PX ∝ ρgas ∝ √ǫ, where ǫ is the volume emissivity. To obtain
physical units for the emissivity requires converting the observed X-ray flux to a luminosity density, the net result of which
is that PX is inversely proportional to the square root of the cluster distance, leading to 〈PSZ,X(r)〉d+ ∝ 1/
√
H0.
The possibility of uncovering the intrinsic shape of the cluster ICM by combining X-ray and SZ measurements has been
recognized for over ten years (e.g., Zaroubi et al. 1998; Fox & Pen 2002; Reblinsky 2000; Lee & Suto 2004; De Filippis et al.
2005; Puchwein & Bartelmann 2006; Sereno 2007; Mahdavi & Chang 2011). This promising technique has already provided
interesting constraints on cluster shapes for many clusters (De Filippis et al. 2005; Sereno et al. 2006) using isothermal triaxial
β models for the ICM, and more recently models with a radially varying temperature profile have been applied to the cluster
A 1689 (Sereno et al. 2011). Corollary 4 defines a particular approach to this problem that has some attractive characteristics.
First, the ratio of spherically averaged pressures is valid for any temperature profile T (av). Second, the relationship does not
assume a particular ICM radial density profile (e.g., β model) and, in principle, can be deprojected using the traditional
spherical onion peeling procedure. Hence, studies can be conducted entirely in the context of spherical symmetry to obtain
〈PSZ,X(r)〉d+ and then, supplemented with a measurement of the average ICM axial ratio on the sky (qs), can be used to
constrain the geometrical factor γ
1
2
s q
1
4
s f
−
1
4 . For the general triaxial ellipsoid this factor depends on the intrinsic shape via the
axial ratios pv and qv and the orientation (θ, φ). For spheroids only a single axial ratio and inclination angle are required.
We now consider the quantity,
YSZ ≡ 1
D2A(z)
σT
mec2
∫
V
PedV, (46)
where V is the volume and DA(z) is the angular diameter distance to the cluster. Since this quantity equals the integral of
yc over solid angle in the limit of a small angle subtended on the sky, it is usually referred to as the “integrated Compton-y
parameter” (e.g., White et al. 2002). We will take V to be a large spherical or ellipsoidal region centered on the cluster.
Theorem 10. The deprojected spherical average of the integrated Compton-y parameter is,
〈YSZ(< r)〉d+ =
(
γ2sqsf
1
2 pvqv
)
−1
YSZ(< av), where av = (γs
√
qs)r. (47)
Proof. Starting from the definition of YSZ, we have for a spherical volume,
〈YSZ(< r)〉d+ = 1
D2A(z)
σT
mec2
∫ r
0
〈Pe(r)〉dSZ4πr2dr (48)
=
(
γsq
1
2
s f
−
1
2
)
1
D2A(z)
σT
mec2
∫ r
0
Pe(av)4πr
2dr, (49)
where we have used Corollary 3 and the fact that γs, qs, and f depend only on pv, qv, and the fixed line-of-sight projection
orientation. Effecting a change of variable within the integral from r to av = (γs
√
qs)r yields,
〈YSZ(< r)〉d+ =
(
γ2sqsf
1
2
)
−1 1
D2A(z)
σT
mec2
∫ av
0
Pe(av)4πa
2
vdav (50)
=
(
γ2sqsf
1
2
)
−1
[
YSZ(< av)
pvqv
]
, (51)
where the last step used the definition of an ellipsoidal volume element, dV = 4πpvqva
2
vdav, which proves the theorem.
Cosmological simulations predict a strong correlation between YSZ and cluster mass (e.g., White et al. 2002), which is a
direct result of the gas pressure probing the depth of the cluster potential well. However, because simulations do not perfectly
match observations of cluster ICM (e.g., isophotal flattening of cool cores, Fang et al. 2009), and since it is preferable to
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use an independent method to constrain cosmology, there is interest in using X-ray observations of cluster mass to calibrate
YSZ independently. For high-quality X-ray data of clusters where it is possible to measure accurately the spatially resolved
gas density and temperature profiles, direct calculation of the ICM pressure profile is to be preferred for comparison to
YSZ (Arnaud et al. 2010). For lower quality data it is necessary to rely on scaling relations, such as YX, a quantity advocated
by Kravtsov et al. (2006) as a mass proxy for cosmological studies,
YX(< r) =Mgas(< r)TX(< r), (52)
where Mgas(< r) is the gas mass and TX(< r) is the emission-weighted temperature enclosed within the spherical volume of
radius r, and typically a radius r500 is adopted. Since YX is related to the integrated gas pressure profile, it should be closely
related to YSZ. Indeed, recent SZ studies find a strong correlation between YSZ(< r500) and YX(< r500) and between YSZ(< r500)
and Mgas(< r500), each correlation having similar intrinsic scatter (e.g., Andersson et al. 2010; Planck Collaboration et al.
2011) – see also Fabjan et al. (2011).
Before addressing the spherical average of YX, we consider TX.
Theorem 11. The deprojected spherical average of the emission-weighted temperature integrated over the spherical volume
of radius r is,
〈TX(< r)〉d+ = TX(< av), where av = (γs√qs)r. (53)
Proof. Beginning with the definition of 〈TX(< r)〉d+ as the deprojected integrated emission-weighted temperature, we have,
〈TX(< r)〉d+ =
∫ r
0
〈(ǫT )(r)〉d4πr2dr∫ r
0
〈ǫ(r)〉d4πr2dr =
∫ r
0
ǫ(av)T (av)4πr
2dr∫ r
0
ǫ(av)4πr2dr
, (54)
where we made use of Theorem 4 in both the numerator and denominator and the fact that the factor (γs
√
qs/f) depends
only on pv, qv, and the fixed line-of-sight projection orientation. Effecting a change of variable within the integrals from r to
av = (γs
√
qs)r yields,
〈TX(< r)〉d+ =
∫ av
0
ǫ(av)T (av)4πa
2
vdav∫ av
0
ǫ(av)4πa2vdav
. (55)
Multiplying the numerator and denominator of the R.H.S. by pvqv yields the emission-weighted temperature integrated over
the volume of ellipsoidal radius av = (γs
√
qs)r, which is the desired result.
We remark that Theorem 11 reduces to Theorem 5 for the special case of a small radial volume element associated with
a finite radius r.
Corollary 5. The deprojected spherical average of YX(< r) is,
〈YX(< r)〉d+ =
(
γ
5
2
s q
5
4
s f
1
4 pvqv
)
−1
YX(< av), where av = (γs
√
qs)r. (56)
Proof. This result is an immediate consequence of the definition of YX(< r) (eqn. 52) and Theorems 8 and 11.
Corollary 6. The ratio of the deprojected spherical averages of YSZ and YX is,
〈YSZ,X(< r)〉d+ ≡ 〈YSZ(< r)〉
d+
〈YX(< r)〉d+ =
(
γ
1
2
s q
1
4
s f
−
1
4
)
YSZ(< av)
YX(< av)
=
(
γ
1
2
s q
1
4
s f
−
1
4
)
YSZ,X(< av), where av = (γs
√
qs)r. (57)
Proof. This result follows immediately from Theorem 10 and Corollary 5.
4.5 Connection to Stellar Dynamics
Many of the results we have presented can be applied either directly, or with minor modification, to a relaxed, dispersion-
supported collisionless stellar system with an isotropic velocity dispersion tensor. Such a system obeys the equation of hy-
drostatic equilibrium where the stellar density ρstars(av) replaces the ICM density and the square of the velocity dispersion
σ(av)
2 replaces the gas temperature. (Here it is assumed the stars, like the gas, are merely a tracer of the gravitational
potential, which is a good approximation for galaxy clusters, and also for elliptical galaxies well outside of the stellar half-light
radius.) Consequently, 〈ρstars(r)〉d obeys Theorem 4, and 〈σ(< r)2〉d+ obeys Theorem 5. Similarly, the deprojected spherically
averaged mass inferred from the stellar dynamics also obeys Theorem 7, where in the proof one replaces the gas density with
ρstars(av) and the pressure with ρstars(av)σ(av)
2. Finally, the deprojected spherically averaged stellar mass profile behaves as
〈YSZ(< r)〉d+ (Theorem 10), because the deprojected stellar mass density behaves as 〈Pe(r)〉dSZ (Corollary 3).
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5 PROJECTION OF ELLIPSOIDAL SHELLS AND ONION PEELING DEPROJECTION
To treat the case of binned observational data, such as the one-dimensional surface brightness profile of a cluster, here we
describe the projection and deprojection of a system of concentric, similar triaxial ellipsoidal shells relevant for the study of
EPs. For an ellipsoidal shell defined between ainv and a
out
v with constant emissivity, ǫ(a
in
v , a
out
v ), throughout the shell, equation
(14) becomes,
Σ(ainv , a
out
v ; as) =
2ǫ(ainv , a
out
v )√
f
[√
(aoutv )2 − a2s −
√
(ainv )2 − a2s
]
, (58)
where as ≤ aoutv , and the second term in brackets is set to zero if as > ainv . This equation projects a three-dimensional
ellipsoidal shell onto a two-dimensional elliptical surface brightness that depends only on the elliptical coordinate as. We
desire the luminosity integrated over an elliptical annulus defined between semi-major axes, αin and αout:
L(ainv , a
out
v ;α
in, αout) =
∫ αout
αin
Σ(ainv , a
out
v ; as)2πqsαdα (59)
= ǫ(ainv , a
out
v )V
int(ainv , a
out
v ;α
in, αout), (60)
where,
V int(ainv , a
out
v ;α
in, αout) =
4π
3
pvqv ×([
(aoutv )
2 − (γsqsαin)2
]3/2 − [(aoutv )2 − (γsqsαout)2]3/2 + [(ainv )2 − (γsqsαout)2]3/2 − [(ainv )2 − (γsqsαin)2]3/2) . (61)
If any terms in equation (61) have negative arguments, they must be set to zero. Note when viewed “edge-on” (θ = φ = 90◦),
i.e., down the intermediate principal axis, ellipsoids always have qs = qv and γsqs = 1. For the special case of an oblate
spheroid (pv = 1) viewed at arbitrary inclination, qs = qv
√
f and γsqs = 1.
Let an ellipsoid be partitioned into a series of concentric, similar ellipsoidal shells, av,0 < av,1 < av,2 < · · · < av,N. Define a
corresponding set of concentric, similar, elliptical annuli such that, α0 < α1 < α2 < · · · < αN, where α0 = av,0, α1 = av,2, . . ..
For this case, we may represent the projection of the three-dimensional ellipsoidal shell (aj−1, aj) onto the two-dimensional
elliptical annulus (αi−1, αi) by,
V intji ≡ V int(av,j−1, av,j ;αi−1, αi). (62)
That is, each shell and annulus is labeled by the index of its outer boundary. The contribution of shell j to the luminosity of
annulus i is, Li = ǫjV
int
ji , where ǫj ≡ ǫ(av,j−1, av,j) is the constant emissivity within the shell. We obtain the total luminosity
projected into annulus i by summing the contributions from all shells j ≥ i,
Li =
N∑
j=i
ǫjV
int
ji , (63)
so that the surface brightness is,
Σi =
Li
πqs
(
α2i − α2i−1
) = 1
πqs
(
α2i − α2i−1
) N∑
j=i
ǫjV
int
ji . (64)
Hence, we have shown that the projection matrix for spherical shells (e.g., equation B12 of Gastaldello et al. 2007) is generalized
to the case of ellipsoidal symmetry via the following mapping: three-dimensional radius, r → av; two-dimensional radius,
R → as = γsqsα; and 4π/3 → pvqv4π/3. Moreover, by separating the first term from the others in the summation of
eqn. (63),
Li = ǫiV
int
ii +
N∑
j=i+1
ǫjV
int
ji , (65)
and then solving for the emissivity in shell i,
ǫi =
(
Li
V intii
)
−
N∑
j=i+1
ǫj
(
V intji
V intii
)
, (66)
we arrive at a generalization of the “onion peeling” deprojection method (Fabian et al. 1981; Kriss et al. 1983) appropriate for
triaxial ellipsoids (pv, qv) with any orientation (θ, φ). That is, the emissivity in shell i is obtained by taking the total luminosity
observed in annulus i on the sky, subtracting from it the luminosity contributions projected from shells at larger radii (j > i),
and then dividing by V intii representing the volume of intersection between the ellipsoidal shell i and the ellipsoidal cylindrical
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shell defined by the base of elliptical annulus i and an infinite height. Practical implementation of eqn. (66) requires assuming
values for θ, φ, pv, and qv and measuring the value of qs on the sky.
While the above has focused on the example of the emissivity projecting into the surface brightness, generalization to
other quantities such as the emission-weighted temperature and projected temperature map (〈T 〉i) is straightforward; i.e.,
〈T 〉i = 1
Li
N∑
j=i
ǫjTjV
int
ji . (67)
6 CONCLUSIONS
This is the first of two papers investigating the deprojection and spherical averaging of ellipsoidal galaxy clusters (and
massive elliptical galaxies). We specifically consider applications to X-ray and SZ studies, though many of the results also
apply to isotropic dispersion-supported stellar dynamical systems. A major disadvantage of working with ellipsoidal systems,
as opposed to spherical systems, is that they generally involve numerical evaluation of computationally expensive integrals.
Here we present analytical formulas for galaxy clusters described by a gravitational potential that is a triaxial ellipsoid of
constant shape and orientation; i.e., an “ellipsoidal potential” (EP), which depends only on ellipsoidal radius, Φ = Φ(av).
While the mass density is itself not ellipsoidal for these models, and it can take unphysical values in the vicinity of the
minor axis when the flattening is too large, we demonstrate that the total mass enclosed within the ellipsoidal radius av is
proportional to dΦ/dav, and is therefore well-behaved for any smooth Φ(av), making it useful for many purposes.
We show that for hydrostatic X-ray studies of EPs the relationship between the enclosed total mass, ICM temperature,
and ICM density has the same form (up to a proportionality factor) as the spherical case where the spherical radius r is
replaced by av. Using this result, along with the general result we derive for the spherical deprojection of any ellipsoid of
constant shape and orientation, we show that the mass bias due to spherically averaging X-ray observations is independent
of the temperature profile. For the special case of a scale-free logarithmic EP (Φ ∝ ln av) there is exactly zero bias for any
shape, orientation, and temperature profile. The ratio of spherically averaged ICM pressures obtained from SZ and X-ray
measurements depends only on the intrinsic shape and projection orientation of the EP, as well as H0, which provides another
illustration of how cluster geometry can be recovered through a combination of X-ray and SZ measurements, with the key
advantage that the pressures are measured in the context of spherical symmetry without (in principle) having to specify a
parametric form for the radial profile. We also demonstrate that YSZ and YX have different biases as a result of spherical
averaging, which lead to an offset in the spherically averaged YSZ − YX relation. Paper 2 explores in more detail the biases
and scatter arising from spherical averaging, in particular using the observationally and cosmologically motivated NFW mass
profile, and also considers the more widely investigated, and computationally expensive, class of potentials where the mass
density, rather than the potential itself, is an ellipsoid of constant shape and orientation.
A potentially useful application of these analytical formulas is to assess the error range on an observable accounting for
deviations from assumed spherical symmetry without having to perform the ellipsoidal deprojection explicitly. That is, an
X-ray observer can, as is standard, analyze a cluster assuming spherical symmetry and obtain deprojected ICM temperature
and density profiles using the spherical onion peeling procedure (see §5; Fabian et al. 1981; Kriss et al. 1983) to construct,
e.g., the observed spherically averaged mass profile, 〈M(< r)〉d+. With the aid of Theorem 7 this can be converted into the
true mass profile M(< av) for an assumed three-dimensional shape and viewing orientation. Then by using Theorem 2 the
true spherically averaged mass profile 〈M(< r)〉true can be constructed. By adopting priors for the shape and orientation and
marginalizing over them, the full range of 〈M(< r)〉true owing to intrinsic ellipsoidal geometry can be computed.
Finally, for dedicated ellipsoidal studies, we also generalize the spherical onion peeling method to the triaxial case for
a given shape and orientation. The formulas presented for ellipsoidal shells may also be of use for ellipsoidal projections in
numerical work.
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